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Abstract
We prove a weightedW2,p-a priori bound, p > 1, for a class of uniformly elliptic
second-order diﬀerential operators on unbounded domains. We deduce a
uniqueness and existence result for the solution of the related Dirichlet problem.
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1 Introduction
In the last years the interest in weighted Sobolev spaces has been rapidly increasing, both
for what concerns the structure of the spaces themselves as well as for their suitability in
the theory of PDEs with prescribed boundary conditions. In particular, these spaces ﬁnd a
natural ﬁeld of application in the case of unbounded domains. Indeed, in this setting, there
is the need to impose not only conditions on the boundary of the set, but also conditions
that control the behavior of the solution at inﬁnity.
In this paper, we study, in an unbounded open subset Ω of Rn, n ≥ , the uniformly


















s (Ω)∩ ◦W ,ps (Ω),
Lu = f , f ∈ Lps (Ω),
(.)
where p > , s ∈ R, and W ,ps (Ω), ◦W ,ps (Ω) and Lps (Ω) are certain weighted Sobolev and
Lebesgue spaces recently introduced in []. To be more precise, the considered weight ρs










= +∞ and lim|x|→+∞
ρx(x) + ρxx(x)
ρ(x) = .
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To ﬁx the ideas, one can think of the function
ρ(x) =
(
 + |x|)t , t ∈R \ {}.
Among the various hypotheses involving discontinuous coeﬃcients, we consider here
those of Miranda type, referring to the classical paper [] where the aij have derivatives
in Ln(Ω). Namely, we suppose that the (aij)xh belong to suitable Morrey-type spaces that
extend to unbounded domains the classical notion of Morrey spaces (see Section  for the
details).
Always in the framework of unbounded domains, no-weighted problems weakening the
hypotheses of [] have been studied. We quote here, for instance, [–] for p =  and
[] for p > . A very general case, where the aij have vanishing mean oscillation (VMO),
has been taken into account in [] (for the pioneer works considering VMO assumptions
in the framework of bounded domains, we refer to [–]) and in [, ] in a weighted
contest. Variational problems can be found in [–]. Quasilinear elliptic equations with
quadratic growth have been considered in [].
The main result of this work consists in a weighted W ,p-bound, p > , having the only
term ‖Lu‖Lps (Ω) on the right-hand side,




W ,ps (Ω), (.)
where the dependence of the constant c is completely described. Estimate (.) allows us
to deduce the solvability of the related Dirichlet problem. This work generalizes to all p > 
a previous result of [] where a no-weighted and a weighted case have been analyzed for
p = . In [] we considered an analogous problem, with p > , but without weight. Related
variational results were studied in [–].
2 Weight functions and weighted spaces
We start recalling the deﬁnitions of our speciﬁc weight functions. Then we will focus on
certain classes of related weighted Sobolev spaces recently introduced in [], where a de-
tailed description and the proofs of all the properties below can be found.
Let Ω be an open subset of Rn, not necessarily bounded, n ≥ . We consider a weight




ρ(x) < +∞, ∀|α| ≤ . (.)
An example is given by
ρ(x) =
(
 + |x|)t , t ∈R.
For k ∈ N, p ∈ [, +∞[ and s ∈ R, and given a function ρ satisfying (.), we deﬁne




∥∥ρs∂αu∥∥Lp(Ω) < +∞, (.)
equipped with the norm given in (.). Furthermore, we denote the closure of C∞◦ (Ω) in
Wk,ps (Ω) by
◦
Wk,ps (Ω), and putW ,ps (Ω) = Lps (Ω).
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Let us quote the following fundamental tool, which will allow us to exploit no-weighted
results in order to pass to the weighted case.
Lemma . Let k ∈ N, p ∈ [, +∞[ and s ∈ R. If assumption (.) is satisﬁed, then there
exist two constants c, c ∈R+ such that
c‖u‖Wk,ps (Ω) ≤
∥∥ρtu∥∥Wk,ps–t (Ω) ≤ c‖u‖Wk,ps (Ω), ∀t ∈R,∀u ∈Wk,ps (Ω), (.)
with c = c(t) and c = c(t).
Moreover, ifΩ has the segment property, then the map
u→ ρsu










= +∞ and lim|x|→+∞
ρx(x) + ρxx(x)
ρ(x) = . (.)
As an example, we can then consider
ρ(x) =
(
 + |x|)t , t ∈R \ {}.
Let us associate to ρ the function σ deﬁned by
⎧⎨
⎩σ = ρ if ρ → +∞ for |x| → +∞,σ = 
ρ
if ρ →  for |x| → +∞.
(.)
It is easily seen that σ veriﬁes (.) too, and, moreover,
lim|x|→+∞σ (x) = +∞, lim|x|→+∞
σx(x) + σxx(x)
σ (x) = . (.)
Now, we ﬁx a cutoﬀ function f ∈ C∞◦ (R¯+) such that
≤ f ≤ , f (t) =  if t ∈ [, ], f (t) =  if t ∈ [, +∞[,
and we set









x ∈Ω : σ (x) < k}, k ∈N. (.)
Let us ﬁnally introduce the sequence




σ (x), k ∈N.
Monsurrò and Transirico Journal of Inequalities and Applications 2013, 2013:263 Page 4 of 11
http://www.journaloﬁnequalitiesandapplications.com/content/2013/1/263
One has that, for any k ∈N, σ and ηk are equivalent, namely
c′σ ≤ ηk ≤ c′σ in Ω¯ . (.)












σ x + σσxx
σ 







σ (x) = . (.)
3 A class of spaces of Morrey type
Here we recall the deﬁnitions and the main properties of a class of spaces of Morrey type
where the coeﬃcients of our operator will be chosen. These spaces are a generalization to
unbounded domains of the classical Morrey spaces and were introduced for the ﬁrst time
in []; see also [] for more details.
Thus, in the sequel let Ω be an unbounded open subset of Rn, n ≥ . The σ -algebra
of all Lebesgue measurable subsets of Ω is denoted by Σ(Ω). Given E ∈ Σ(Ω), |E| is its
Lebesgue measure, χE its characteristic function and E(x, τ ) = E∩B(x, τ ) (x ∈Rn, τ ∈R+),
where B(x, τ ) is the open ball centered in x and with radius τ .
For λ ∈ [,n[, q ∈ [, +∞[, the space of Morrey type Mq,λ(Ω , t) (t ∈ R+) is the set of all
functions g in Lqloc(Ω¯) such that
‖g‖Mq,λ(Ω ,t) = sup
τ∈],t]
x∈Ω
τ–λ/q‖g‖Lq(Ω(x,τ )) < +∞, (.)
endowed with the norm deﬁned in (.). One can easily check that, for any arbitrary
t, t ∈ R+, a function g belongs to Mq,λ(Ω , t) if and only if it belongs to Mq,λ(Ω , t) and
the norms of g in these two spaces are equivalent. Hence, we limit our attention to the
spaceMq,λ(Ω) =Mq,λ(Ω , ).
The closures of C∞◦ (Ω) and L∞(Ω) in Mq,λ(Ω) are denoted by M
q,λ◦ (Ω) and M˜q,λ(Ω),
respectively.
The following inclusions (algebraic and topological) hold true:
Mq,λ◦ (Ω)⊂ M˜q,λ(Ω).
Moreover, one has
Mq,λ(Ω)⊆Mq,λ (Ω) if q ≤ q and λ – nq ≤
λ – n
q . (.)
We putMq(Ω) =Mq,(Ω), M˜q(Ω) = M˜q,(Ω) andMq◦(Ω) =Mq,◦ (Ω).
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Now, let us deﬁne the moduli of continuity of functions belonging to M˜q,λ(Ω) or





Given a function g ∈Mq,λ(Ω), the following characterization holds:




g ∈Mq,λ◦ (Ω) ⇐⇒ limh→+∞
(
F[g](h) +
∥∥( – ζh)g∥∥Mq,λ(Ω)) = ,
where ζh denotes a function of class C∞◦ (Rn) such that
≤ ζh ≤ , ζh|B(,h) = , supp ζh ⊂ B(, h).
Thus, if g is a function in M˜q,λ(Ω), amodulus of continuity of g in M˜q,λ(Ω) is amap σ˜ q,λ[g] :
R+ →R+ such that
F[g](h)≤ σ˜ q,λ[g](h), lim
h→+∞
σ˜ q,λ[g](h) = .
While if g belongs to Mq,λ◦ (Ω), a modulus of continuity of g in Mq,λ◦ (Ω) is an application
σ
q,λ◦ [g] :R+ →R+ such that
F[g](h) +
∥∥( – ζh)g∥∥Mq,λ(Ω) ≤ σ q,λ◦ [g](h), limh→+∞σ q,λ◦ [g](h) = .
We ﬁnally recall a result of [], obtained adapting to our framework a more general
embedding theorem proved in [].
Lemma . Let p >  and r, t ∈ [p, +∞[. IfΩ is an open subset of Rn having the cone prop-
erty and g ∈Mr(Ω), with r > p if p = n, then
u→ gu (.)
is a bounded operator from W ,p(Ω) to Lp(Ω). Moreover, there exists a constant c ∈ R+
such that
‖gu‖Lp(Ω) ≤ c‖g‖Mr (Ω)‖u‖W ,p(Ω), (.)
with c = c(Ω ,n,p, r).
If g ∈Mt(Ω), with t > p if p = n/, then the operator in (.) is bounded from W ,p(Ω) to
Lp(Ω).Moreover, there exists a constant c′ ∈R+ such that
‖gu‖Lp(Ω) ≤ c′‖g‖Mt (Ω)‖u‖W,p(Ω), (.)
with c′ = c′(Ω ,n,p, t).
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4 An a priori bound
Let p >  and assume that
Ω has the uniform C,-regularity property (h)
(we refer the reader, for instance, to [] for the deﬁnition).














with the following conditions on the leading coeﬃcients:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
aij = aji ∈ L∞(Ω), i, j = , . . . ,n,
∃ν >  :∑ni,j= aijξiξj ≥ ν|ξ | a.e. inΩ ,∀ξ ∈Rn,
(aij)xh ∈Mq,λo (Ω), i, j,h = , . . . ,n, with
q >  and λ =  for n = ,
q ∈ ],n] and λ = n – q for n > .
(h)
For lower-order terms, we suppose that
⎧⎪⎪⎨
⎪⎪⎩
ai ∈Mro(Ω), i = , . . . ,n, with
r >  if p≤  and r = p if p >  for n = ,




a ∈ M˜t(Ω), with
t = p for n = ,
t ≥ p and t ≥ n , with t > p if p = n for n > ,
ess infΩ a = a > .
(h)
Let us start observing that, in view of Lemma ., under the assumptions (h)-(h), the
operator L :W ,p(Ω)→ Lp(Ω) is bounded.
Then let us recall some known results contained in Theorem . and Corollary .
of [].
Theorem. Let L be deﬁned in (.). If hypotheses (h)-(h) are satisﬁed, then there exists
a constant c ∈R+ such that
‖u‖W,p(Ω) ≤ c‖Lu‖Lp(Ω), ∀u ∈W ,p(Ω)∩
◦
W ,p(Ω), (.)




Lu = f , f ∈ Lp(Ω),
(.)
is uniquely solvable.
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Now we prove the claimed weightedW ,p-bound.
Theorem . Let L be deﬁned in (.).Under hypotheses (h)-(h), there exists a constant
c ∈R+ such that




W ,ps (Ω), (.)
with c = c(Ω ,n, s,ν,p, r, t,‖aij‖L∞(Ω),‖ai‖Mr(Ω),σ q,λo [(aij)xh ],σ ro [ai], σ˜ t[a],a).
Proof Fix u ∈ W ,ps (Ω) ∩ ◦W ,ps (Ω). If ρ → +∞ for |x| → +∞, σ = ρ . Thus, in view of the
isomorphism of Lemma ., one has that σ su ∈W ,p(Ω)∩ ◦W ,p(Ω).
Now if we write, ηk = η, for a ﬁxed k ∈N, since η and σ are equivalent, one also has that
ηsu ∈ W ,p(Ω) ∩ ◦W ,p(Ω). Hence, the estimate in Theorem . applies giving that there
exists c ∈R+ such that
∥∥ηsu∥∥W,p(Ω) ≤ c∥∥L(ηsu)∥∥Lp(Ω), (.)
with c = c(Ω ,n,ν,p, r, t,‖aij‖L∞(Ω),σ q,λo [(aij)xh ],σ ro [ai], σ˜ t[a],a).































where c ∈R+ depends on the same parameters as c and on s.
On the other hand, from Lemma . and (.), we get






with c = c(Ω ,n,p, r).















where c depends on the same parameters as c and on ‖ai‖Mr(Ω).
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≤ c . (.)
Therefore, if we still denote by η the function ηko , combining (.) and (.), we obtain
∥∥ηsu∥∥W,p(Ω) ≤ c∥∥ηsLu∥∥Lp(Ω). (.)
This together with the fact that σ and η are equivalent and in view of Lemma . (applied
with t = s and considering σ as weight function) gives
∑
|α|≤
∥∥σ s∂αu∥∥Lp(Ω) ≤ c∥∥σ sLu∥∥Lp(Ω), (.)
with c depending on the same parameters as c and on ko, that is (.).
If ρ →  for |x| → +∞, then σ = ρ–, thus, always in view of the isomorphism of




∥∥σ –s∂αu∥∥Lp(Ω) ≤ c∥∥σ –sLu∥∥Lp(Ω). (.)
This concludes the proof of Theorem .. 
5 Some uniqueness and existence results
In this last section we exploit our weighted estimate in order to deduce the solvability of
the related Dirichlet problem.
A preliminary result is needed.




s (Ω)∩ ◦W ,ps (Ω),
–u + bu = f , f ∈ Lps (Ω),
(.)
is uniquely solvable, with












if ρ → +∞ for |x| → +∞, or












if ρ →  for |x| → +∞.
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Proof Let us ﬁrst consider the case ρ → +∞ for |x| → +∞. Since σ = ρ , the function u is




–(σ –sw) + bσ –sw = f , f ∈ Lps (Ω),
(.)
with b given by (.).






= σ –swxixi – sσ –s–σxiwxi + s(s + )σ –s–σ xiw – sσ
–s–σxixiw,












, i = , . . . ,n,










, g = σ sf .
Since σ veriﬁes (.) and (.), by (.) of [] (which gives that both σxi/σ and σxixi/σ are
in every Mτ◦ (Ω), τ > ) one has that we are in the hypotheses of Theorem ., therefore
(.) is uniquely solvable, and then problem (.) is uniquely solvable too.
Now assume that ρ →  for |x| → +∞. Since in this case σ = ρ–, now the function u




–(σ sw) + bσ sw = f , f ∈ Lps (Ω),
(.)
with b given by (.).












, i = , . . . ,n,










, g = σ –sf .
The thesis follows then arguing as in the previous case. 
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s (Ω)∩ ◦W ,ps (Ω),
Lu = f , f ∈ Lps (Ω),
(.)
is uniquely solvable.
Proof For each τ ∈ [, ] we put
Lτ = τ (L) + ( – τ )(– + b),
with b given by (.) if ρ → +∞ for |x| → +∞, or by (.) if ρ →  for |x| → +∞.
By Theorem . one obtains




W ,ps (Ω),∀τ ∈ [, ].
Thus, taking into account the result of Lemma . and using the method of continuity
along a parameter (see, e.g., Theorem . of []), we obtain the claimed result. 
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